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Abstract
Using the scaling limits used recently to derive matrix models, it is argued that the
agreement between some matrix model calculations and supergravity is a consequence of
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In a recent paper Seiberg[1] has given a derivation of the matrix model[2]. However
there appears to be some confusion as to whether the argument in [1] eectively bypasses
checks on whether gauge theory calculations agree with supergravity. The problem stems
from the fact that neither in the light-like version nor in the space-like version of the ma-
trix model has the connection to the supergravity eective action been directly established
as in the case of string theory. In the latter case, as is well known, the consistency con-
ditions for the propagation of strings results in a background which obeys the equations
of supergravity with also a systematic prediction as to what the higher derivative cor-
rections to Einstein's equations are. There is no such demonstration in the case of the
matrix model, indeed it has not even been put in a covariant form. Hence we believe some
further clarication, even if only in a certain limited area, of the relationship between
matrix model calculations and supergravity is of some interest. To this end we will give
an argument using the limit considered in [1]
1
and string theory world sheet duality
to establish that, at least for processes with one impact parameter and for which lon-
gitudinal (i.e. 11th direction) momentum transfer is zero, the matrix model reproduces
supergravity.
The action for N Dp-branes involves in general higher derivative terms and multiple


















































Note that the indices ;  are those tangential to the p-brane and i; j are transverse to
1
This limit has also been used by Sen[3] to give a uniform description of matrix models and also by
J. Maldacena[4] to discuss the relation to supergravity calculations. In fact our discussion will use some
of the results of the latter paper.
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elds are U(N) matrices and the expression for the action includes a U(N) trace.
In the rest of this note we will conne ourselves to zero-branes. It is expected that
considerations involving other branes can be obtained in a similar manner.
In matrix model calculations of the forces between branes one integrates out uctua-
tions around a classical background conguration corresponding to the relative positions
of the branes[2]. Consider N D0 branes with one of them being treated as a probe brane
separated from the others (which are coincident) by a distance (impact parameter) b
along the 2-axis and moving with a velocity v along the 1-axis.


















upper left-hand corner and zero everywhere else. The important point is that the `gauge
theory' limit in which B is held xed as l
s







The term in the eective lagrangian coming from the L-loop gauge theory diagram with







































This is just the standard loop expansion in the large N limit with the factors of X  B
2
inserted by dimensional analysis. (See [5] [4], and references therein.)
Let us now consider the string theory calculation of this eective action to arbitrary
order in string perturbation theory. Firstly, in this limit, since g ! 0, all handles
(corresponding to string creation and annihilation) are suppressed. Thus at any order
one has an integrand with a product of terms corresponding to cylinderical world sheets



















is the squared mass
operator, with the dierent terms on the right hand side being the bosonic fermionic and
































(non  zero modes): (0.5)





is a zero mode in a light-like direction)) with similar ex-
pressions for the fermions and the ghosts. It should be stressed that this whole calculation
makes sense only in the superstring context[7]. The purely bosonic contribution would
diverge at v = 0 so that the velocity expansion would make no sense. Thus although
we will not be making explicit use of supersymmetry the fact that we are dealing with
the superstring seems essential to our considerations. In eect the argument indirectly
implies the existence of a supersymmetric non-renormalization theorem.











xed), the only surviving (non-



























(R) are certain zero modes coming from the bosonic and Ramond sectors[7].
The point is that all the massive open string states drop out in the gauge theory limit
and only the BPS states survive
2
.





































In the limit l
s
! 0 keeping X;F; g
m
xed this must, by the previous argument, reduce to
the `gauge theory' expression (0.3) so that c
I;L
(N; 0) = c
I;L
(N) where the right hand side
is the coecient in the gauge theory. The main point is that since the above expression
is an exact string calculation evaluated at the relavent limit in l
s
, it is valid for all X for
2
As this paper was being prepared for publication a paper which also contains this observation
appeared[6]
3
which the expansion makes sense, and in particular for large X. But at large X (large X




>> 1) the string calculation has
an interpretation in terms of massless closed string exchange. In fact (since g ! 0) the
amplitude is a tree level one and the eective action in question has the interpretation of
a brane propagating in the corresponding supergravity background. The action of such















where the zero mode of the dilaton has been explicitly factored out and the last term
is the coupling of the R-R eld. From the closed string point of view as long as the
background curvature is small (l
2
s
R << 1) which is the case for large X, there is a
meaningful expansion for the metric that is consistent with closed string propagation in
powers of l
s

































with c a known constant. Now taking the gauge theory limit one gets (see for example


















But by our world sheet duality argument this is the same object that was calculated
in the gauge theory. Hence the two expressions must be the same. As has been pointed
out in [2] this object is eectively a zero 11-momentum transfer M-theory amplitude.
In particular the supergravity solution predicts what the gauge theory calculation
must yield. For instance it tells us that in the sum over I; L only the terms with I = L+2
occur. It seems that these `diagonal' terms in the quantum (super)-gauge theory calcu-
lations are equivalent to classical supergravity. [5] This appears to be a generalization of
4
the old result that the closed string (and hence classical gravity) appears as a quantum
eect in open string perturbation theory.
It is useful at this point to discuss the units in which various physical quantities in
the theory are being dened. While a choice of units is obviously not going to change the
physics, a convenient choice will clarify the aspects of the physics that we wish to study
better than some other choice. Since what seems to emerge from the study of matrix
models is 11-D supergravity it is natural to set the (classical) eleven dimensional Newton
constant equal to one. (This is particularly useful if one wishes to study quantum eects
around classical solutions). With the velocity of light being set equal to one also, we keep
Planck's constant h = l
9
P
. i.e. the parameter that denes the semi-classical (quantum
loop) expansion is the ninth power of the Planck length. This is the natural system of
units to use in any discussion of quantum (semi-classical) corrections (such as Hawking
radiation) to solutions of classical gravitational eld equations (such as black holes). We
then have the following formulae.
16G
N




























































The above formulae clarify the relation between the matrix model quantum mechanics
(characterized by the Yang-Mills length scale l
m
) and the 11D or target space quantum





. The limit considered in [1],[3], [4], corresponds to





to zero. As one sees from (0.3) the condition for the







>> 1. In other words measured in 11D Planck units the impact
parameter must be large, although measured in string units it is going to zero. In any
case the large number Xl
m
is what characterizes the gauge theory calculation and hence
the limit of the string calculation. This is also the region of validity of the massless closed
string approximation and hence we arrive at the agreement with classical supergravity.
5
The rescaling to gauge theory variables (and the above choice of units) also claries
the issue of whether higher derivative terms in the 11-D supergravity action (which should
be ther on general grounds as quantum corrections - see for example [9]) are reproduced
by matrix model calculations. At rst sight the answer seems to be negative. Let us write
the semi-classical expansion (which in our units is the same the low-energy expansion)




















" + :::: (0.13)
In the above the rst line is the classical 11-D action while the second line denotes all
possible R
2
terms etc coming from quantum eects. The limit l
P
! 0 in this action
would just appear to pick up the leading classical term which would seem to imply that
the matrix model just gave only classical supergravity. However we also need to rescale












Since the limit is taken with l
m
xed this means that small distances in the original































Thus the quantum expansion parameter is now l
m
which is xed and the matrix model
is expected to pick up all the higher order terms. Thus any non-vanishing non-diaganol
terms in the matrix model calculation should correspond to the higher-derivative terms




other with Planck's constant l
9
m
appear to be equivalent to the two theories, the auxiliary




and the other with Planck mass M , introduced by Seiberg[1].
We should stress however that the actual argument made above applies only to zero
momentum transfer processes in the 11 direction (since it depends on string theory ar-
6
guments). We believe that this is consistent with the argument in [1] that the nite N
light-like compactied M-theory is equivalent to the limit (0.1) of string theory. It seems
to us therefore that further calculations such as that of Polchinski and Pouliot[10] provide
non-trivial checks of the validity of the matrix model.
Before we conclude we should stress that the arguments of this paper can be inter-
preted as just a statement about ten-dimensional string theory (as in [11]) without any
reference whatsoever to [2] and the subsequent developments. Thus one can think about
the result as being just a statement relating the calculation of a D0-brane eective action
from two dierent perpectives. Obviously however they are of current interest because
of the possible connection to M-theory that was rst pointed out in [2].
Finally we should comment on two papers[12],[6] that appeared as this note was being
prepared for publication. The rst involves the scattering of three gravitons to three
gravitons and so it depends on two impact parameters. The arguments above apply
explicitly only to the one impact parameter situation. In particular on the closed string
side of the argument we have used the action for a D0 brane moving in the supergravity
potential of N D0-branes. This argument is not sensitive enough to check the dependence
on the relative coordinates in the cluster. However it may be possible to extend it to
the case studied in [12] in which case one may hope to elucidate the apparent conict
between that paper and [1]. Similar remarks would apply to the relation of this work to
[6] where the matrix theory is tested on an ALE space.
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